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The Pauli matrices satisfy the following.

tr(σi) = 0 σiσj = δij + iεijkσk

These properties can be used to simplify traces of products of Pauli matrices.
The first few traces are as follows.

tr(σi) = 0

tr(σiσj) = 2δij

tr(σiσjσk) = 2iεijk

tr(σiσjσkσl) = 2(δijδkl − δikδjl + δilδjk)

These results can be derived as follows.

tr(σiσj) = tr(δij + iεijaσa) = 2δij

tr(σiσjσk) = tr((δij + iεijaσa)σk) = iεijatr(σaσk) = iεija2δak = 2iεijk

tr(σiσjσkσl) = tr((δij + iεijaσa)σkσl) = δijtr(σkσl) + iεijatr(σaσkσl) =

δij2δkl + iεija2iεakl = 2δijδkl − 2εijaεkla = 2δijδkl − 2(δikδjl − δilδjk) =

2(δijδkl − δikδjl + δilδjk)
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